IP-RIGIDITY AND EIGENVALUE GROUPS 

<N ' JON. AARONSON, MARYAM HOSSEINI & MARIUSZ LEMANCZYK 

o 

CS| ■ Abstract. We examine the class of increasing sequences of natu- 

^J ral numbers which are IP-rigidity sequences for some weakly mix- 

C3 ' ing probability preserving transformation. This property is closely 

related to the uncountability of the eigenvalue group of a corre- 
sponding non-singular transformation. We give examples, includ- 
^f ^ | ing a super-lacunary sequence which is not IP-rigid. 



sO Introduction 



00 

Q 

c3 \ Let (X, B,m) be a standard, continuous, probability space (that is, 

(X, B) is a Polish space equipped with its Borel sets and a non-atomic 
m e V(X) (the collection of probability measures on (X, B)). 
Tj- \ We'll denote by MPT = MPT( X, B, m) the collection of invertible, prob- 

^ ability preserving transformations of (X,B,m). This is a Polish space 

iy-j ■ when equipped with the coarse topology with basic neighborhoods of 

CN . form 

rn ! C/(To,/i,...,/iv;e) := 

C^: {TeMPT: |/ J °T s -/ J oT s | L2(m) <eVl<j<iV, s = ±1} 

where T enPT(X,B,m) and /i,...,/jv e L 2 (m). 

Equipped with the coarse topology, MPT(X, S, m) is a topological 

rj ■ group under composition. It is embedded into the Polish, topological 

C3 . group U(L 2 (m)) of unitary operators on L 2 (m) equipped with the 

strong operator topology by the Koopman representation Uxf '■= f ° 

T (T e MPT(X,B,m), f € L 2 (m)). Accounts of the spectral theory of 

unitary operators can be found in [KT] and [N2]. 
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Recurrence and rigidity. 

A sequence q e N N (f) := {q e N N : q n < q n+1 V n > 1} is called a se- 
quence of recurrence for T e MPT(X, B, m) if limsup n ^ 00 ^(vlnT^i) > 

for each A e B of positive measure. 
Rigidity is a stronger version of recurrence. 

An sequence q e N N (t) is called a rigidity sequence for T e MPT(X, Z3, m) 
if fi(T qn A A A) -> for each A e B; equivalently 

(X) T** -^* Id. 

n-*oo 

Using spectral theory one sees that (X) is equivalent to the restricted 
spectral type a T of T (i.e. t^r|L 2 (m) ) having the Dirichlet property 
along g, that is 

m £ 2 (T,<r T ) 
t Xq n >■ 1- 

where Xk(t) •- e 2mkt . 

Rigidity sequences for non-trivial transformations must be sparse. 
In particular, unless T e MPT is purely periodic any rigidity sequence 
for T has at most finite intersection with each of its translates whence 
has zero Banach density. 

Additional properties of rigidity sequences are studied in [BJLR] & 
[EG] including the rigidity properties of lacunary and super-lacunary 
sequences, a sequence q e N N (f) being called lacunary if 2a±i > A > 

1 V n > 1 and super-lacunary if ^^ ► oo. 



(In 



'In 



Rigid factors, mild mixing and IP sets. Let T e MPT(X, B, m) 
and let q e N N (|). It is well known that the collection of sets 

(A) K(q) := {A € B : m(AAT qn A) ► 0} 

is a T-invariant, a- algebra. It corresponds to the maximal factor of T 
which is rigid along q. The transformation T e MPT(X, B,m) is called 
mildly mixing if it has no non-trivial, rigid factor along any q e N N (f) 
(as in [FW]). 

Since the spectral type as of a factor S of T is absolutely continuous 
with respect to <jt, it is evident that T has some non-trivial rigid factor 
if and only if 3 a Dirichlet measure jj « a T , (that is, one satisfying (|) 
along some q e N N (f)). 

An IP-set is a collection of "finite sum sets" of form 

FS (q):={q(F): F e T} 



IP-rigidity and eigenvalue groups 3 

where q e N N (f) and for 

F e T := {finite, nonempty subsets of N}, q(F) '•- 2_. Qj- 

This notion appears in combinatorics, ultrafilter theory, topological 
dynamics (see [Fu] and [HS]) and also in ergodic theory. 

As shown in [Fu], T e MPT(X, B,m) is mildly mixing if and only if 
3 K c M which intersects with every finite sum set so that 

m(A n T- n B) ► m(A)m(B) V A, B e B; 

equivalently (see [HMP1]), 

T is not mildly mixing if and only if 3 q 6 N N (t) so that 

inf \u(n)\ > 0. 

The considerations involved give rise to the notion of 

IP convergence. 

Let q e N N (f). We'll say that a sequence a : N -> Z (a metric space) 
converges IP to L e Z along FS(g) 

written a(n) ► L, in Z if 



a(q(F)) pT Z . L. 

-FeJF, mm F-kx> 



This paper is about 



IP-rigidity. 

We'll say that 6 e N N (f) is 

an IP-rigidity sequence for T and that T is IP-rigid along b if 

FS(6) 

T n — -4 Id in MPT. 



Let 

IPRWM := {6 6 N N (f) : 3 T e MPT(X, H, m), weakly mixing & IP-rigid along b}. 

Any rigid transformation is IP-rigid on some subsequence (see [Fu]). 
On the other hand if a transformation is IP-rigid on q e N N (t), then it 
is rigid along much thicker subsequences (see §5). 

Similarly to (j^), for q e N N (f), the collection 

KiM) := {A e B : m(AAT n A)^l 0} 

n—>oo 

is a T-invariant, a- algebra. It corresponds to the maximal factor of T 
which is IP-rigid along q. As above, T has a non-trivial factor, IP-rigid 
along q if and only if limAr.^ infp^ min F > N \a$(q{F))\ > 0. 
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The existence of IP-Dirichlet measures along b e N N (f) is related to 
the groups 

oo 

G p (b) := {t 6 T : Y, IMP < oo} (0 < p < oo) & 

71=1 

£«*,(&) :={*eT: |6 n t| > 0} 

n->oo 

where for x e R, |x| := min n( =2 |cc - n|. 

These groups are discussed in [AN] and [HMP2]. 

Results. 

Proposition 1 Suppose that b e N N (1) , then 

[C?i(6)| > » =► 6 e IPRWM. 

Proposition 1 (which is folklore) can be proved using Propositions 1.1 
and 1.2 (below). 

Theorem 2 7/oeN N (t), then 

be IPRWM =► \G 2 (b)\ >H . 

Theorem 2 also provides an answer to a question in [BJLR]: 

Qi) ifb e IPRWM, £/jen some irrational rotation is rigid along b because 
if \G 2 (b)\ > K then 3 a e G 2 (6) \ Q. It follows that rotation of T by a 
is rigid along b. 

The converse of theorem 2 holds for arithmetic sequences and 
Erdos-Taylor sequences for different reasons. 

A sequence q e N N (t) is called arithmetic if it is either 

• multiplicative in the sense that q n \q n +i V n > 1; or it is the 

• principal denominator sequence of some a e T \ Q, being defined 
by g = 1, Qi = «i, On+i : = an+i<?n + ?n-i where a = [0; oi, o 2 , . . . ] is the 
continued fraction expansion of a. 

Proposition 3 Let b e N N (f), fee arithmetic. The following statements 
are equivalent. 

( a ) Iina%± = oo. ( b ) | Gl (&)| > K . 
(c) oe IPRWM. (d) \G 2 (b)\ > K . 
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The Erdos-Taylor sequence associated to (ax, 0,2,- ■ . ) e N N is b = 
(b 1 ,b 2 ,...)eN N (\) defined by 

61 :=1. b n+1 :=a n b n + 1. 

Erdos-Taylor sequences were introduced in [ET] and are considered to 
be "extremely non-arithmetic" . 

Proposition 4 If b e N N (f), is an Erdos-Taylor sequence, then 
(i) Elr^) <0 ° «=* (ii)&eIPRWM » (hi) |G 2 (6)| > K . 

We'll see that there are super-lacunary Erdos-Taylor sequences b & q e 
N N (t) satisfying [G 2 (6)| > *o & Gi(6) = {0} and G 2 (q) = {0}. 

Eigenvalue Groups and theorem 2. 

Groups of form G2 appear as eigenvalue groups (see [AN]). Eigen- 
value groups and rigidity are related as follows: 

An ergodic probability preserving transformation S is not mildly 
mixing (i.e. has a rigid factor) if and only if there is a conservative, 
ergodic non-singular transformation T so that S x T is not ergodic (see 
[FW]). By the ergodic multiplier theorem of M. Keane (see e.g. §2.7 
of [A]), this situation is characterized by o~s(e(T)) > where as is the 
restricted spectral type of S and e(T) is the group of eigenvalues of T. 

We prove Theorem 2 in §4 by considering a dyadic cocycle (see below) 
associated to b e N N (t) over the dyadic adding machine. The eigenvalue 
group of the Mackey range (as in p. 76-77 in [Z]) of this cocycle is ^2(6). 
In case b is a growth sequence as in [A2], that is b(n) > Ei<fc<n K^)> then 
the Mackey range preserves a cr-fmite measure and is isomorphic to the 
appropriate dyadic tower over the dyadic adding machine (defined in 
[A2]). 

Organization of the paper. 

In §1 we establish the basic results on Dirichlet sets and measures 
and begin to consider membership of IPRWM. 

In §2 we consider the class of arithmetic sequences, and prove Propo- 
sition 3. 

In §3 we prove proposition 4 for Erdos-Taylor sequences and give our 
main examples. 

The proofs of propositions 3 & 4 both use Theorem 2 which is estab- 
lished in §4. In §5 we make some quantitative remarks on the growth 
of rigid sequences for transformations IP-rigid along some (particular) 
6eN N (f). 
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§1 DlRICHLET SETS AND MEASURES 

Dirichlet sets. A Dirichlet set is a subset r c T of form 
T(b) = {teT: Xbn {t) ► 1} 

n-*oo 

where b e N N (f) & Xn(t) := e 2 ™*. 

An IP-Dirichlet set is a subset r c T of form 

r(FS(6)) = {t€T: X n(t)^l 1} 

n—>oo 

where b e N N (f). Here, we have 
Proposition 1.1 For b e N N (f), 

r(ra (&)) = (?!(&). 

Proof sketch of £ 

It suffices to show that for t e M, 

FS ( b ) V* 111 

mi ► => > o n t < oo. 

n>l 

For x e R, let [x] be the nearest integer to x (if there are two, take 
the lesser one), and let 

(x) :- x - [x], then |(x)| = |x| < -. 

FS(b) 

Fix t e M so that \\nt\\ ► 0, let K > be so that 

n->oo 

|6(F)t| < — V F e T, min F > K. 
16 

If F, G c [K, oo) n N are disjoint finite sets, then 

\\b(F)t\\, \\b(G)t\\, \\ b (FuG)t\\<± 

Since {b(F u G)t) - (b(F)t) - (b(G)t) e Z, this forces 
(b(FuG)t) = (b(F)t) + {b(G)t). 
It follows that 

y i mi ^ — , y iimii ^ — & y imii < -• 0- 

Z_/ II " " 1 « ' ^ " " 1 p. i—l II "II Q 

n>X, <b„t)>0 ±U n>X, (b n t}<0 ±U nsN, n>K 
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Dirichlet measures. A probability measure \i e V(T) is called 

• a Dirichlet measure if 

Ix6„-i|l2( M ) — ► o 

v ' n—>oo 

for some 6 e N N (f) in which case /i is called Dirichlet along b and 

• an IP Dirichlet measure if 

FS(6) 

Xn-l^M ► 

v ' n-*oo 

for some b e N N (t) in which case /x is called IP- Dirichlet along b. 

Evidently: 

Xn k ► 1 if and only if Jl(n k ) > fJ>(J), 

if /i is IP-Dirichlet along b, then so is any v « //, 

if /i is IP-Dirichlet, then 3 b e N N (t) so that Y, n >i \\Xb„ - 1|l 2 ( m ) < °°, 
whence /i(Gi(&)) = 1 and /i is IP-rigid along b. 

By Proposition 1.1, a totally atomic measure fj, € "P(T) is IP-Dirichlet 
along 6 if and only if fj,(Gi(b)) = 1. Examples in §4 (below) show that 
this is false for continuous measures /i € V(T). 

Proposition 1.2 

IPRWM = {b € N N (f) : 3 fi 6 P(T) continuous & IP-Dirichlet along b}. 

Proof of c Suppose that 6 € IPRWM and that (X, B, m, T) is a weakly 
mixing, probability preserving transformation so that T n ► Id. 

n->oo 

Fix / e L 2 (m), f x fdm = 0, f x \f\ 2 dm = 1. The spectral measure of /: 
/i e V(T) is continuous and IP-Dirichlet along b. 

Proof of 2 Suppose that fi e V(T) is continuous and IP-Dirichlet 
along b. Let fi be the symmetrization of /io (also continuous and IP- 
Dirichlet along b) and let (X,B,m,T) be the shift of the Gaussian 
process with spectral measure /i. The spectral type of (X,B,m,T) is 
o~t - En>o f- 71 * "where /i™* denotes the n-fold convolution of /i with itself 
(see e.g. [CFS]). Each fi K * is continuous (whence T is weakly mixing) 

and IP-Dirichlet along b (since /i K *(n) = jl(n) K ► 1). Every v « o~t 

n-*-oo 

is also IP-Dirichlet along b and T is IP-rigid along b. Thus b e IPRWM. 
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It follows from proposition 1.2 that if b e N N (f) is an IP rigidity 
sequence for some T e MPT not of discrete spectrum (i.e. ax is not 
totally atomic) then h e IPRWM. 

We complete this section with a "mixed" multiplicative-finite sum 
condition for membership in IPRWM. 

Proposition 1.3 Suppose that b e N N (f) and that ]5cN infinite, so 
that Y,nes F 2- < °°; an d b n \b n +i for ni S, then b e IPRWM. 

If N \ S is finite, then iG^fr)! > Ko by Theorem 5 in [ET], whence 
b e IPRWM by proposition 1. 

Proof Assume (without loss of generality) that 61 = 1. We construct 
a weakly mixing T e KPT(X, B,m) which is IP-rigid along b by cutting 
and stacking as in Ch. 7 of [Nl]. 

To this end, we construct a nested sequence of Rokhlin towers (r n ) n >i 
of intervals where r n has height b n . 

Let 7~i be [0,1]. To construct T n+ i from r n : 

• if n i S & b n+ i = a n b n , a n e N, a n >2 then we cut r n into a n columns 
and stack. 

• If n e S Sz b n+ \ - a n b n + r n , a n , r n e N, 1 < r n < b n , we cut r n into 
a n columns and put one spacer interval above the L^f J'th column from 
the left and r n - 1 spacer intervals above the last column in the right 
and then we stack. 

The tower r n is a stack of b n intervals of length ITj=i ~t~ called levels 
ofr n . 

It follows from §7.31 in [Nl] that the transformation T constructed 
preserves a finite measure m. A standard argument as in the proof of 
Proposition 3.10 of [BJLR] shows that T is weakly mixing. 

Next, we show that if A is a union of levels in some Tk, then 

00 
Y,m(AAT bn A)< 00. 

71=1 

To see this, we note first that A is also a union of levels in every 
r n (n> K). Fix n> K and write 



S n [K, 00) = {s 1 <s 2 <s 3 < ...}. 
h. 



Since — ^—r < t^- < — our assumptions imply YXi — < 00. 

To estimate m(AAT~ bn A) for n € (s^_!,s^] we consider the appear- 
ance of the tower r n as "r n -stalks" inside r s +i . 
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b n -l 



A r n -stalk in t Si+ \ is a union s = U fe ™o T k B of levels of r Sf+1 where B 
is contained in the base of r n . 

Let s e 6 be a r n -stalk in r^+i, then 

m(s n A) = ]~[ — m(A). 

j=n a j 

By construction, t S[+ i consists entirely of r n -stalks and spacer stalks 
added in t si+ \. Thus, all points of A except those contained in the two 
r n -stalks preceding the spacer stalks added in r St+ i, return to A at time 
b n , so 

Se 1 4 1 
m(AAT- b " A) = 2m(A \ T- b "A) = 4]~f — ■ m(A) < m(A). 



n ■ Ose-n n 

j=n u 3 ^ u s e 



Thus, writing sq ■- K - 1, we have 



Y j m(AAT- b -A) = Y J £ m(T b "(A)AA) 

n=K £=1 ne(s^_i,Sf] 

oo 4 1 

< V V — • m(A) 

t=lne(s e -use] s i 

OO 1 

< Am{A) Y, — 



= l«s 



< oo. 



It follows from this that for A a union of levels in some tower r n and 
F = {n 1 <n 2 <---<n k } ej 7 , 

m(AAT b ^A) = m(AAT^ bn iA) 

< m(AAT bl A) + m(T bl AAT z ^ bn iA) 
= m(AAT bl A) + m(AAT z ^ bn ^ A) 



K^miAAT^A) 

oo 

< £ m(T bn (A)AA) 

n=min F 

>0. 

FejF, min F^oo 
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The collection of measurable sets C satisfying this last convergence is 
a a- algebra and 

C => en [J {unions of levels in r n } J = B. 

\n>\ ) 

Thus T is IP-rigid along b. 

Remark 1.4. The proof of Proposition 1.3 establishes the following 
proposition: 

Suppose that b e N N (f), p > and that 3 S c N infinite, so that 
£ n£5 (^) p <oo, and b n \b n+1 for n { S , then 3 T e MPT(X, B, m) weakly 
mixing and a dense collection Ac B so that 

(TO)) Y, m{A&T K Ay < oo via. 



n>l 



As above, T(l) => IP-rigidity along b whence c r T(G < 2(fe) c ) = by 
Theorem 2. Using the spectral theorem, one sees that T(|) ==>• 
o-t(Gi(6) c )=0. 

§2 Arithmetic sequences 

In this section, we prove proposition 3. The implications (b) => (c) 
==> (d) ==> (a) follow from proposition 1, theorem 2 and theorem 16 
in [E] (respectively). None of these uses arithmeticity. 

We turn to the remaining implication (a) => (b). 

Lemma 2.1 

If b € N N (t) is multiplicative and sup^ -^ = oo, then \Gi(b)\ > Ko- 

C.f. theorem 3 in [ET]. 

Proof Suppose that b n+ \ = a n+ ib n , where a n > 2 Vn > 1. 

Since sup n£l a n = oo, 3 a subsequence (nfc)fc>i such that a nk+1 /a nk > 
3 V A; > 1. Define t:Q:= {0, 1} N -> [0, 1] by 

oo , , 

fc=i w «fc 
Since 

f ^^f X < X f l , l 

k=L+l "n k "™L j'=l a n L +lO'n L +T"0"n j b nL J=1 3-? 0„ L 

we have that t ■ Q ■= {0, 1} N ->■ [0, 1] is strictly increasing (with respect 
to lexicographic order on Q), whence injective and \t(Q)\ > Ko- 
It suffices to show that t(Q) c Gi(b). 
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To see this, fix u e Q. For N > 1, we have that 

bNt(oj) = E ~t — = E mo< ^ ^ 

fe=l ° nk k>l, n k >N a N+iaN+2---a-n k 

whence 

IM(w)i= E * E = :A ^- 

fe>l, n k >N a N+iaN+2---a nk fc>l, n fc >7V ^+1^+2 "■0^ 



For riK-i < N < tik 



A ^v = E - — : — * E : — : : — — * 



k>K a N+l a N+T--0, T i k k>K a N+l^N+2---0"n K ■ 0, nk 2 nK N a nR 

Thus 



OO oo oo Tl^ oo l 

E «M(u;)|< Y,^ = Y, E E 



N=nt N= ni k=2N=n k _ 1 + lv=k a N+l a N+2---0'n l , 

OO 71fc 1 OO O 

^E Y Tr <£ — *4 

fc=2iV=ra fe _i+l ^ "ife k=2 u n k 

and t(w) e Gi(6). 

Lemma 2.2 

Lei g = g(a) e N N (f) &e £/ie principal denominator sequence of a e 
(0,l)sQ. 
//su Pna 2^1 = oo, «ien |Gi(g)| > K . 

Proof As shown in [IN], 

for any t e [0, 1] there is a unique sequence (u; n ) n >i e n n >i{0; 1) '") a «} 
such that 

• u) k < a k , u) k = a k => uJk+i = and 

• t = Y.n=i^n{q n ct) modi. 



Since sup n ^ 1 a n = sup^ ^- = oo, we can choose a sub-sequence a 



</» 



Ilk 



such that X!fc>i l/ a "fc < °° an d define 

oo 

t:Q = {0,l} N ^T by t(u):=Y,Uk{q nk -i<x) modi. 



fc=i 



By the above, t ■ £1 -* T is injective. It follows that \t(Q)\ > Ho and it 
suffices to show that t(Q) c Gi(q). 

We claim that sup ws0 £~ x |<?n^(w)| < oo. 



12 Jon. Aaronson, Maryam Hosseini & Mariusz Lemanczyk ©2012 

Fix K > 1 and consider nx -1 < N < Uk+i - 1- Then 

oo 

||gjv*(w)|| ^ X! \ u n k -iqNq nk -iu\ 

k=l 
oo 

£ X! kjv0n fc -ia| 

fc=l 

K „ CG 

< y gra fe -l | y> gJV 

fc=l <?7V+1 fc=A'+l <2W 



Using the fact that -^ > y/2 V j, n > 1 we have for some absolute 
constant C, 

g"fc-i _ g"fc-i g"A-i gW . C ! C r nT h< K 

~ " ~ " ~ " i^K-fik ' ~ r-N-n K IOT K ~ A 

qN+i qn K -i q nK qN+l V2 °n K v2 

and 

qvv _ ?iv qn K+1 -i q-n K+1 C 1 c 



for k> K. 



qn k QriK+1-1 qriK+1 qrik y/2 + 8 «Jftl \/2 

Therefore, 

E M<«)ls E Ef^ E f 

N=n K -l N=n K -l \k=\ HN+1 k=K+\ qn k / 

"K+i-2 IK -y oo 

2j I 2j ~ /-N-n k + L-i r-n k -N 



=n K -i \k=i a nK \/2 k=K+i a nic+1 V2 



N 



n K+ i-2 



1 1 



N=n K -i a nK V2 a nK+1 V2 

i i 

<C 4 (- 



fln_R- a n K+1 



and 



OO OO 1 I 

EIMMNC 4 ^- + )<oo. 

JV=1 K=l a n K °W+l 

Hence q e IPRWM. The proof of Proposition 3 is now complete. 

§3 SUPER-LACUNARY SEQUENCES 



Suppose that b = (&i, 62, . . . ) e N N (t) is super- lacunary, i.e. 
00. 



frn + l 
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As in theorem 17 in [E], we fix iV > 1 with ^- > 10 V n > iV and let 



where 



Now 



where 



E := p| E n 

n>N 



E n :={te [0,1]: \\ bn t\\<^L}. 

o n +i 



b„-l 
fc=l 



J-k.n '— IT T j T •" T J- 
On n+ i n n+ i 



For each n > N, the intervals {Ik, n '■ 1 < k < b n } are disjoint, and each 
interval I^ >n contains at least five disjoint intervals of form Ik', n +i- It 
follows that E contains a Cantor set and \E\ > Kq- Thus, (c.f of theorem 
5 in [ET]) 

Proposition 3.1 Suppose that b e N N (f) & p > 0, then 

n>l\°n+l ) 

Proof Let iV > 1 & E be as above, then for t e E, 

E IMP *#+**£(&)*<«>■ 

n>\ n>N 

Proposition 3.2 Suppose that b e N N (f) and that 
^(7-^-) < oo, then oelPRWM. 

?i>l\ n+l / 

Proof By Proposition 1.2, it suffices to construct a continuous prob- 
ability in T which is IP-Dirichlet along b. 

To this end, let N > 1, E and {/fc,« : 1 < k < b n } be as above. As 
above, for each n> N, the intervals {/&,„ : 1 < k < b n } are disjoint, and 
each interval Ik, n contains at least five disjoint intervals of form Ik', n +i- 

Thus we may choose 

I n (u) = Ikn( u ),n (n>l, ue{0, l} n ) 
so that 

I n+1 (u,e)cl n (u) Vn>l, cje{0,l} n & e = 0,l 
and 
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X n+1 (u,0) <X n (u) <X n+1 (oj,l) where X n (u) := ^. 

Next, for w6fi:={0,l} N , 
X n (wi,...,a; n ) >X(ui) where H / n (wi, - . - ,w n ) = {^(w)} 

n ^°° n>l 

and 

fo n X(a;) = b n X n (uj) + b n (X n+1 (uj) - X n (u)) + b n (X(u) - X n+1 (u)) 

= k n {u) + £ n (u) + 6 n (u) 

where 

£ n (w) := b n (X n+1 (u) -X n (u)) & 

6 n (u):=b n (X(u)-X n+1 (u)). 
Note that |0 n (u;)| < S n ■= ^- and that by assumption, Y, n >i^n < °°. 
For n > 1, w e {0, l} n , ftp^ : {0, 1} -> (0, 1) so that 

Pn,«(0)+Pn,w(l) = 1 & X n+ i(u;,0)p n ^(0)+X n+1 (tJ,l)p n ^(l) =X„(a;). 
Define P : {cylinders} -»■ (0, 1) by 



n-l 



P([oi,a 2 , ...,o n ]) := -n^>K."2,.,a fe )(«fc)- 
^ fe=i 

It follows that P is additive and by standard extension theory 3 P e 
P(f2) extending P. 

Denoting expectation with respect to P by E and writing u = (ui, u>2, ■ ■ ■ , u>n) e 
{0, l} n , we have 

E(X n+1 \\u; 1 ,u)2, ...,u n )= X n +i(u),Q)p n> w(Q)+X n+ i(u), l)p n>u (l) = X n (u), 

whence 

E(£ n \\ui,u) 2 , ...,u n ) = b n (E(X n+1 \\u>i, u 2 , ■ ■ ■ , w n ) - -^n(w)) = 

and E(£ n ) = 0. 
For n, k>l, 

E(£ n £„+fc) = b n b n+ kE(E(£ n £ n+ k\\ui,u)2, ■ ■ ■ ,Wn+k)) 

= b n b n+k E((^ n (u)E^ n+k \\uj 1 ,U2, . . . ,w n+fc )) = & 

16b 2 

By assumption ^ na A n < oo, so £ neft -£ n converges in L 2 (P) for every 
ifcN and 



4(E e«) 2 ) = e ^(a = E An- 
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The measure \x := P o X -1 € V(T) is continuous. We claim that it is 
IP-Dirichlet along b. 

To check this, let FcNn [K, oo) be finite and write E F := £ ne ir£ n , 
then 

\\xb(F)-M\Li(n) ^ IKE M)Il2 (m) 

JVeF 

= I(E(^ + ^))IU 2 (F) 
JVeF 

<|(5 F )| L 2 (P) + £ fjv. 
JVeF 



Next, 



(S F )| 2 =E«S F > 2 ) 



Thus, 



= E(1 [!Hf| ^ ] (H f ) 2 ) + E(1 [|Hf|> , ] (S f ) 2 ) 

<E(£|) + ~P[|E F |>~]) v(H F ) 2 <l, 
< 2E(E 2 7 ) by Tchebychev's inequality 

oo 

= 2 EE(&)<2 E Aat. 

NgF AT=K- 



|Xn(F) - 1|U 2 (a*) ^ |(-f)|l2(P) + E ^ 

at=f: 



N 



2 E Ajv + E ^ 

N=K N=K 

*0 



F"->oo 

proving that \i is IP-Dirichlet along b. 

Remark. The converses to propositions 3.1 & 3.2 are false. It 
is easy to construct b e N N (f) multiplicative, super-lacunary so that 
E„>i(^) p = °° v V > 0. By proposition 3, |Gi(6)| > N & Te IPRWM. 

Erdos- Taylor sequences & proposition 4. 

We begin with a strong converse to Proposition 3.1 for Erdos- Taylor 
sequences: 

Proposition 3.3 Suppose that b e N N (f) is an Erdos-Taylor sequence 
and let p > 0, then 

Sfr^)^ 00 =*► G p (b) = {o}. 

n>l\°n+l ) 
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This was stated in [ET] for p = 1 and b the Erdos- Taylor sequence 
associated to (2,3, ... ). See also Theoreme 2 in [P]. 

Proof Let b e N N (t) be the Erdos- Taylor sequence associated to 
(01,02, • • • ) e N N and let t e R \ Z, then 

lentil < ==> ' ll&n+l^ll > ■ 

II n || 2 ^ || || 2 

If p > and £„>i(|^7) p = oo, then for t e R \ Z, 

• either |6 n t| > J-7 eventually and Y, n >i \\bnt\\ p = °°, or 



• |&n+i£| > 2 infinitely often and E n >i l^| p = °°. 
Either way, t { G p (b). 

Proof of Proposition 4 The implications (i) => (ii) => (hi) 
==> (i) follow from proposition 3.2, theorem 2 and proposition 3.3 
(respectively) . 

Examples. 

• If b € N N (f) is the Erdos- Taylor sequence associated to (2,3, . . . ), 
then 

(a) foelPRWM & (b) G 1 (b) = {0}. 

• If b e N N (f) is the Erdos- Taylor sequence associated to (a 2 ,a 3 , . . . ) 
where a n -> 00 and £ n>1 4- = 00 (e.g. a n :- [%/nl), then 6 is super- 
lacunary, £2(6) = {0} and 6 is not a sequence of IP-rigidity for any 
probability preserving transformation other than the identity. 

§4 Proof of Theorem 2 

We prove Theorem 2 using dyadic cocycles over the dyadic odome- 
ter. 

Let Q := {0,1} N , and let P e V(Q) be symmetric product measure: 
P - I~l(2 > 2)' an d let r : f2 ^ fi be the dyadic odometer defined by 

r(l,... ,l,0,u^+i,...) = (0,..., 0,l,u^ + i,...) 

where £ = £(00) ■- min {n > 1 : uj n - 0}. 

The dyadic cocycle tp :Q ->■ Z associated to b e N N (f) is defined by 

<(w)-l 

fc=l 

and its s/cew product 

r^:OxZ^OxZis defined by r v (x,?7,) = (r(x),n + </3(x)). 



IP-rigidity and eigenvalue groups 17 

Define Q : fi x Z ^ f2 x Z by Q(x, n) := (x, n + 1) and fix p e "P(f2 x 
Z) , p ~ P x # where # is counting measure on Z. 

There is (see [Z], pp. 76-77) an ergodic, non-singular transformation 
(X, B(X), q, T) of a standard probability space and a map n ■ Q xZ -»■ X 
so that 

poTr-^q, Tr- 1 B(X) = {AeB(nxZ): r ip A = A} & 7roQ = Xo^. 

The ergodic, non-singular transformation (X,B(X),q,%) is called the 
Mackey range of (r, (p). 

In case 6 is a growth sequence, equivalently if : f2 -> N, there is a 
a-finite, invariant T-invariant measure m ~ q with respect to which the 
Mackey range (X, B(X), m, T) is isomorphic to the tower over (Q, B(Q),P, r) 
with height function <p (aka the dyadic tower with growth sequence b in 
[A2]). 

The collection of eigenvalues of the Mackey range is 

e(1):={£eT: 3 F e L°°(q), F # 0, Fo% = e 2nit F} 
and it follows from the definitions that 

e(%)=T(r,f):={seT: 3/eL°°(F), / £ 0, , /or = e 2 ^/}. 

It it is shown in §2 of [AN] (see also Theorem 2.6.3 of [Al]) that 
(1ST) T{r,y)=G 2 {b). 

Although formally, (i^*) was only stated for growth sequences in 
[AN] and [Al], the proofs do not use this condition and apply to arbi- 
trary b e N N (f). 

Consider the Polish group Q5(yu) := {/ e L 2 (fi) : |/| = 1} equipped 
with L 2 (/x)-distance. 

Lemma 4.1 

J/ £/ie probability /i e "P(T) is IP Dirichlet along b, then 3 X : f2 -»■ 
23 (/x) continuous so that 

(') SU P |x&(*(w)n[l,n]) -*(w)|Ua (M) ► 

wen n ^°° 

where K(u) ■- {n > 1 : c<j n = 1}. 
Proof 
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Suppose that // e P(T) is IP Dirichlet along b. Fix u e ft. We claim 
that the sequence n h> Xfe(K( w ) n [i,n]) is Cauchy in L 2 (/i). To see this, 
let 

£ n := sup \\x b(F) -1||l2( m ) 

FeJF, min F>n 

then by assumption £ n >■ 0. Evidently 

n— >oo 
\\Xb(K(u)n[l,n]) ~ XKK(u)n[l,n+k]) \v(jx) = \\X KK(ul)n[n+1 , n+k]) ~ H&(ji) ^ £ n 

whence 3 X : ft -> 25 (/i) so that 

X6(A-(«)n[i,n]) ► %(<*>) uniformly in u e ft. 

For oj e ft, 

|X6(A:(w)n[l,n])-'^'(^ , )||L2( At ) + |X6(#(w)n[l,n]) -X&(K"(w)n[l,n+fcl) |l 2 ( m ) ^ 2£„ 

proving (/). Clearly, for each n > 1, to *-*■ Xb(K(w)n\i,n\) is continuous 
(ft -»■ 23(/z)) and so continuity of A" : ft -»■ 25 (/i) follows from the 
uniformity of the convergence. 

Note that the converse of Lemma 4.1 is also true. 

Completion of the proof 

Now suppose that \x e P(T) is IP-Dirichlet along 6. By Lemma 4.1, 
3 X : ft -> »(//) satisfying (/). 
We claim that 

(V) *(rw)=x,, (w) *(u;). 

To see this, note that XKK(«,)n[i,n])(t) = nLiXwk&kCO =: Xn(u,t). For 
n >£(u;), 

j^O^) _ Xb(K(ruj)n[l,n]) _ A X(ra;) fc fc fc _ 
v ( \ ~ _ 1 1 ~~ Xy>(w)" 

* n {UJ) Xb(K(u)n[l,n]) fc=l Xu; fe b fc 

Since £ J\ ► It i this proves ( »*). 

By (/), 3 nj -+ oo so that 

X! I^J _ <*1U 2 (Pxm) < °° < X! SU P IX6(K-(w)n[l,nj]) ~ ^(^) IU 2 (/^) < °° 
J>1 J>1 wefi 

(where X(u,t) := A'(a;)(t)). Hence A" nj -»■ X Px/j,-a,.e. and by Fubini's 
theorem, 3 A e H(T), //(A) = 1 so that 

1 Xa*& fc (*) ► £t(w) = *(")(£) V t e A & P - a.e. w e ft. 

fc-i J "°° 

By (V), forte A, 

l i or = e M ' , X i P-a.e. 
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and t € T(r, ip). By (Kf"), t e G 2 (b). 

The following example shows that the converse to Theorem 2 is false. 

Example 4.2 3 be N N (t) & [i e V(T) non-atomic, not IP-Dirichlet 

along b but so that /i(G*2(fo)) = 1. 

Construction: 

Define b e N N (f) by b n := FlLi &k with a k :=k + l. 

Consider the mapping t :Q := rifc>i{0, 1} ~> [0, 1] defined by 

t(u) = t(u u u 2 ,...) ■= El~- 

This is injective and Borel measurable, so t(Q) is an uncountable, Borel 
set in [0, 1]. We claim that 

(#) i(0)cG 2 (6). 

Proof of (#) 

For uj e Q and iV > 1, we have that 

b N t{u) = h 2j mod 1. 

a/vr+l Otv+i fc > 2 a iV+2 • • • CLN+k 



Now 



y> I^N+k I yv 1 L 



fc>2 a iV+2 • • • OTV+fc fc>2 a A r +2 • • • &N+k &N+1 

Thus, we have 

(#— ) (b N t(u)) = — — + 6 N {u) where ^ < -4— , 

whence |(6Art(a;))| 2 < -^ and 

oo 

EKM(u;))| 2 <-. (#) 
fc=i 6 

Now define P e V(Q) by P := EU>i(^o + §<$i) and set /i := P o i" 1 , 
then jj, eV(G2(b)). We now show that /i is not IP-Dirichlet along b. 



Fix 1 < A < es , then by (# — ) 



X N <k<X N+1 X N <k<X N+1 tt ^+l A JV <fc<A JV + 1 



&N+1 I v* 2 



AT- 
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and setting s n ■■= T,l=i u ji K n '■= [A 71 ], £ n ■= [A n+1 J, we have 
Y Wfc _ y 1 Sk ~ Sk ~ l 

\ N <k<\ N+1 a k K N <k<£ N k + 1 









- E ; 

n N <k<t N 


fc + 1 


^/V 


E 

-l<Jfc<^jv-l 


A; + 2 












SlN 


K N + 


- + 

2 


E 


■i(* + 


Sfc 

1)(* 


+ 2) 


By the 


SLLN, 


we 


have 

Sat 

iV 


> 

Af-i-oo 


1 
2 


a.s. 








Writing 


Tat ft 


; An as N -> oo 


to mean 


1^ « A* ► 0, 

JV-MX> 


we 1 



P-a.e. w e fi, as iV -> oo: 

E (M(w))« E - 

A JV <fc<A Ar+1 A Ar <fc<A Ar+1 flfc 

= i^TT " Kjv + 2 + „„<&}„_, (*+!)(* + 2) 

- E - 

«JV<fc<^iV-l 

— >logA. 
Thus 

sup |X6(F)-l|li2( M ) >E(|exp[27rz J] b N t(u)] - 1| 2 ) 

FeJP, min F>A JV A JV <fe<A JV+1 

>4E(| J) (M(w))| 2 ) 

\ N <k<X N+1 

— > 2 log A. si 
§5 Remarks on the thickness of rigidity sequences 



Remark 5.1. Rigidity sequences for weakly mixing transformations 
can be arbitrarily "large" within the limitation of density zero. 

It follows from the definitions that for b e N N (f) a growth sequence, 

|FS0)n[l,n]|x2 c ( n > 

where c(n) = min {A; > 1 : bk > n) and if T e MPT(X,B,m) is IP-rigid 
along b, one might expect a rigid sequence at least of this thickness. 
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Indeed, in this case, by Theorem 2, <7*r(e(T) c ) = where % is the 
dyadic tower with growth sequence b (since by [AN] e(T) = G 2 (b)). By 
theorem 4 in [A2] 3LcN with 

r«— T-+ Id & ^ n ^;^l — >oo. 



By the Corollary in [A2], V a(n) > 0, ^-^- ► 0, there is a weakly 

mixing T e MPT(A, B, m) and LcN such that 

mpt |Ln[l,n]| 
i ► Id & — — ► oo. 

n^oo, neL a(n) n ^°° 

For more on this phenomenon, see §3 in [BJLR]. 



Remark 5.2. Let b e N (t) be a growth sequence and suppose that 
H-dim(Gi(6)) > a (where a e (0,1) and H-dim denotes Hausdorff 
dimension) . 

We claim that 3 T e MPT weakly mixing & IP-rigid along b with the 
property that for any sequence L c N along which T is rigid: 



:®) E 



|Ln[l,n]| 



71=1 At 



< OO. 



Note that it follows from this that £,^° =1 ^r-r < oo. 

Proof of (©) 

As in the proof of theorem 1 of [A3], it follows from Frostman's 
theorem ([Fr], see also [KS]) that 3 \i e V(G\(b)) so that 

?M-2! <0O 

71=1 ' J 

Let T € MPT(X, B,m) be the associated Gaussian automorphism. By 
Proposition 1, T is IP-rigid along b. 

Suppose that T is rigid along L cN. In particular 3 TV > 1 so that 
|/i(n)|>i V neL, n> N. 
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It follows that 

n=l ,L n=lk=l ,L 

OO OO 1 



fe=l n=fc 

1 



?? 



2-q 



s T^£ llW F 



<J^L + JL_ y MM 

l-a l-a fc= V +1 fc 1 " 01 

< OO. 0(@) 

Remark 5.3. The condition (©) is sharp. In §5 of [A3], V a e (0, 1) 
a growth sequence b^ € N N (f) is exhibited with 

H-dim(G 1 (6 (a) )) = a & 2 c(a) ( n > » n 1 ^ 

whence if T e MPT(X, B, m) is so that 0"t((j2(&)) = 1, then (again by 
theorem 4 in [A2]) 3 L c N rigid for T with [ i_„ -*■ °° and therefore 

^ \Ln[l,n]\ 

> = OO. 

n=\ n 
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